Abstract. We give the details of the computation of the Chamseddine-Connes action by combination of a Lichnérowicz formula with the heat kernel expansion.
[1] Introduction. Minkowskian geometry has two consequences in physics. First, starting from Coulomb's law for a static, purely electric field it generates the magnetic field together with its coupling constant µ 0 = 1/(ε 0 c 2 ). Second, it changes our understanding of spacetime, no more absolute time and length. Likewise, Riemannian geometry has two consequences. First, starting from Newton's law for a static gravitational field it generates general relativity. Second, no more universal time, no more length at all. Finally, noncommutative geometry has two consequences. First, starting from a parity breaking Yang-Mills connection it generates the Higgs scalar together with its mass and spontaneous symmetry breaking [1] . Second, spacetime becomes fuzzy below a certain scale 1/Λ. Within noncommutative geometry, the action of all four interactions and all 'elementary' particles consisted -so far -of three different pieces, the Dirac action for spin 1/2 fermions, the Yang-Mills-Higgs action for spin 0 and 1 bosons and the Einstein-Hilbert action for the spin 2 graviton [3] . The first two pieces are characterized by a gauge invariance, the third piece is characterized by diffeomorphism invariance. The fuzziness of spacetime originated from the first two pieces and the scale Λ was the Higgs mass. In march this year, Alain Connes [4, 5] completed the axioms of noncommutative geometry in the sense that now there is a one-to-one correspondence between commutative spectral triples and Riemannian geometries with spin. As a by product, he suggests a natural unification of the three action pieces. This function of Λ can be calculated conveniently from the heat kernel expansion [6] and if F was the logarithm then we would have an old physical interpretation of this action formula, the dynamics of the bosons would be induced from one-loop quantum corrections with fermions circulating in the loop. With the characteristic function instead, this action is essentially Klein-Gordon together with spontaneous symmetry breaking for spin 0, YangMills for spin 1 and Einstein-Hilbert for spin 2. In this approach all coupling constants are fixed leading to the well known numerical problems, the Planck mass sets the scale. The hope is that these evaporate once the fuzziness of spacetime is properly taken into account. This hope is encouraged from history. Let us recall that Maxwell's relation c 2 = (ε 0 µ 0 ) -1 relates a velocity to static coupling constants. At his time the speed of light was believed to be frame dependent. It was only by accepting the revolution of Minkowskian geometry on spacetime that this problem evaporated.
The aim of this paper is to provide a detailed description of the Chamseddine-Connes bosonic action at the tree level of the standard model. The essential ingredients of this computation are Lichnérowicz' formula to get the square of the Dirac operator and the heat kernel expansion. The reader will find an index of notations at the end of the paper.
[2] Notation and reminder. M is in what follows a 4-dimensional smooth compact oriented spin manifold without boundary for which we use the following notation: Our frame is that of the real spectral triple (A, (H, c, D), J) of the standard model (cf. [7] ), tensor product of the classical real spectral triple by the inner space real spectral triple (A, (H, χ, D), J) which we recall: the algebra is the tensor product A = C ∞ (M) ⊗ A of the spacetime algebra A = C ∞ (M) by the inner-space algebra A = C ⊕ H ⊕ M 3 (C) where H denotes here the quaternion algebra. The Z/2-graded Hilbert space H is the tensor product
(1)
(the subscripts q, resp. l stand for quark, resp. lepton), with the quark and lepton parts:
Z/2-graded by the (right-left) parity χ, and acted upon as follows by algebraic elements (p, q, m) ∈ A: the quaternion q acts in the obvious way on C 2 L , the complex scalar p acts as the
, and multiplies C 1 R by p -, the 3×3 matrix m acts on C 3 (and trivially on C 1 ). Finally the generalized quark, resp. lepton Dirac operators are: 
,
where we omitted in {} the terms 12 s ; α α 1, -60 E ; α α (surface-terms by Green's theorem).
Here R, r, resp. s are the respective Levi-Civita Riemann tensor, Ricci tensor, and scalar curvature of M, with r 2 = r µν r µν , R 2 = R µναβ R µναβ . And E and R are obtained from the following prescription: express D A 2 canonically as the sum of a connection-laplacian D Ñ and E ∈ End E : R is then the endomorphism-valued curvature 2-tensor of the connexion Ñ of E. 
and split in a direct sum of a quarkonic and the leptonic A -module according to the de-
l of the quarkonic and the leptonic parts:
where, describing End E q as 4×4 matrices with entries in S(M) ⊗ Μ(C N ) tensorized by
7 -the endomorphisms F q and F l of E respectively act on the quark and lepton subspaces as the matrices:
where
-the connection Ñ of E is the tensor-product:
of the spin connexion ∇ of S(M) by the connexion ∇ E of E specified as follows: ∇ E is the direct sum ∇ E q ⊕ ∇ E l of a quark and a lepton connexion acting respectively on the quark and lepton subspaces as the sum of the exterior derivative and the matrices: 
Here: 4 -a and c 0 are classical U(1)-vector-potentials:
is a SU(3)-vector-potentials (the λ a are the eight Gell-Mann matrices).
Proof: E = S(M) ⊗ H is the finite-projective A-module pull-back of the C-module by the A-C-bimodule S(M), obviously expressible as the tensor product of A-modules
The remaining claims follow from the matrix form of the Dirac operator D and the vectorpotentials in the spectral standard model, which we recall:
and, using the shorthand
Following the physicists' usage we multiply by i our connexion one-forms to make them self-adjoint (vector potentials). Note that a quaternion is antihermitean iff it is traceless. 
and Clifford-connexion
giving rise to the Dirac operator
Then, given F ∈ EndA (E) anticommuting with all c µ , the generalized Dirac operator
has the square
and E ∈ EndA (E) is given by:
where s is the scalar curvature of M and R E is the curvature of ∇ E .
(Note that (25) is the canonical form of the generalized laplacian (D F ) 2 as the sum of a connexion-laplacian and an endomorphism and observe that [Ñ µ , F] lies in EndA (E) as the commutator of a ∂ µ -derivation and a 0-derivation).
Proof: We have
where we plugged in the Lichnérowicz formula for the square of D Ñ :
[6] Lemma. (computation of F 2 and F 4 ):
where (ii): We have 
and thus: Lepton direct summand: we have: 
Φ 2 a µ γ 5 ⊗M e 0 0 , thus we have: Quark direct summand: we have: 
We have:
Proof: (i): We have, since R E µν = -R E νµ :
where we plugged the value
and took account of the fact that tr S M (R µν ) = 1 4 tr S M (R µναβ γ α γ β ) = 1 4 tr S M (R µναβ g αβ ) = 0.
We now have the ingredients of the computation of our heat-kernel expansion. 
(for the convenience of the reader we recall that we found:
).
Computation of a 4 (x, D A 2 ): We have, with the shorthands r 2 = r µν r µν and owing to tr γ µ = 0 and tr γ µ γ ν = tr γ ν γ µ ). We then plugged into (69) the values (65) and (66), and finally effected the replacement: 
We now write the bosonic action density, as given by (7), which we rewrite for convenience: 7 6 with results for the bundles V q , resp. V l (the section modules E q , resp. E l ) obtained by the replacements rankV → rankV q , A → A q , B → B q and tr V → tr V q , resp. rankV → rankV l , A → A l , B → B l and tr V →tr V l . 7 At this point we keep the global expression 1 3 tr V (R µν R µν ) of the gluonic part of the action, defering its detailed description to the next proposition which also discusses the modular adjustment. 
Here:
-f and g 0 are classical U(1)-curvatures:
is a SU(3)-curvatures (the λ a , a = 1,..., 8, are the Gell-Mann matrices).
Proof: In accordance with (17), (18) we have:
transformed by modular adjustment into:
where h i k = h i k - 1 3 f δ i k , and h _ = h + f δ i k . We thus have after some algebra This result agrees with the Chamseddine-Connes paper [6] 9 with the following correspondence of notation: [6] the present paper H Φ 
f.
Proof: Since modular adjustment concerns only the quark contribution, we need only consider the latter. Now (81) is rewritten, leaving g 0 as it stands:
The prescription (85) then yields:
which the replacement g 0 → - [14] Remark. The sum of the surface terms which we discarded in the expression of the action is the following: On the other hand, the surface-terms which we discarded from (4π) 2 a 4 (x, D A 2 ) inside the bracket {} sum up to: 
